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,Q�WKH�SDSHU�VRIW�ILQDQFLDO�GHFLVLRQ�PDNLQJ�DQG�PRGHOOLQJ�LV�GHVFULEHG�E\�IX]]\�VWRFKDVWLF�
PHWKRGRORJ\�� 7KHUH� LV� QRW� LQ� VHYHUDO� VLWXDWLRQV� LQ� ILQDQFLDO� GHFLVLRQ�PDNLQJ� WR� KDYH� DW� WR�
GLVSRVDO� LQSXW� GDWD� RI� UHTXLUHG� TXDOLW\�� 7KLV� VLWXDWLRQ� LV� W\SLFDO� IRU� VPDOO� HFRQRPLHV� DQG�
HFRQRPLHV� ZLWK� ZHDN� ILQDQFLDO� PDUNHW�� TXDOLWDWLYH� FKDQJHV�� 7ZR� DVSHFWV� RI� LQSXW� GDWD�
XQFHUWDLQW\�� ZKLFK� DUH� RIWHQ� QHJOHFWHG�� VKRXOG� EH� GLVWLQJXLVKHG�� ULVN� �VWRFKDVWLF�� DQG�
YDJXHQHVV��IX]]\���+\EULG�PRGHOV��IX]]\�VWRFKDVWLF�DSSURDFK�LV�GLVFXVVHG�DQG�SUHVHQWHG���
-(/�FODVVLILFDWLRQ��&���&�����&����)���)����*���*����*����*���*����
.H\ZRUGV���'HFLVLRQ�VXSSRUW�V\VWHP��)LQDQFH��)X]]\�VHWV��)X]]\�VWRFKDVWLF�PRGHO��
3RUWIROLR�0�9�PRGHO�
�
�
��� 6RIW�ILQDQFLDO�WKLQNLQJ�DQG�PRGHOOLQJ�
�

&RPSOH[LW\� RI� HFRQRPLF� DQG� ILQDQFLDO� V\VWHPV� EHKDYLRXU� LV� VSHFLILHG� E\� D� QXPEHU� RI�
PXWXDO� LQWHUDFWLRQV� RI� SDUWLFXODU� VXEMHFWV�� KHWHURJHQHLW\� RI� UHODWLRQV�� PXOWL�DWWULEXWH� DQG�
G\QDPLFV�RI�WKH�ZKROH�SURFHVV��,Q�DGGLWLRQ��EHFDXVH�RI�D�PDQ�EHLQJ�D�VXEMHFW�XQGHU�FRQWURO��

)ROORZLQJ� IURP� D� IDFW� D� KXPDQ� LQWHOOHFW� �FDSDFLW\� DQG� W\SH� RI� PHPRU\�� SURFHVV� RI�
UHFRJQLWLRQ� DQG� WKLQNLQJ�� GRHV� QRW� HQDEOH� DOO� SDUWLFXODUV� WR� EH� SURFHVVHG� LQ� IXOO� GHWDLOV�
VLPXOWDQHRXVO\��UHVXOWV�LQWR�D�QHHG�RI�VLPSOLILFDWLRQ��$�FRPSOH[�V\VWHP�LV�FRQVLGHUHG�WR�EH�LQ�
VRPH� DSSUR[LPDWLRQ� OLPLWV� �LQ� FHUWDLQ� VFDOH��� 7RR� PLFURVFRSLF� GHWDLOV� DUH� EH\RQG� WKH�
SHUFHSWLRQ� OLPLWV� �GLVWLQJXLVK� DELOLW\��� 7KLV� IDFW� LV� FKDUDFWHUL]HG� DV� D� SULQFLSOH� RI�
LQFRPSDWLELOLW\��VHH�5XVVHO���������=DGHK���������$�SULQFLSOH�LV�WKH�DELOLW\�WR�SURYLGH�DFFXUDWH�
DQG� VLPXOWDQHRXVO\� VXEVWDQWLDO� DVVRUWPHQWV� RQ� LWV� EHKDYLRXU� GHFUHDVHV� GLUHFWO\� ZLWK� WKH�
V\VWHP�FRPSOH[LW\�DQG�SUHFLVLRQ�XS�WR�D�FHUWDLQ�VHQVLWLYLW\�WKUHVKROG��%H\RQG�WKLV�WKUHVKROG��
WKH�DFFXUDF\�DQG�VXEVWDQWLDOLW\�HOLPLQDWH�HDFK�RWKHU��

)XUWKHU�� IXOO� �� GHWDLOHG� DFFXUDF\� LQ� RQH� RI� WKH� HOHPHQWV� LV� QRW� XVHIXO�� SURYLGLQJ� WKLV�
DFFXUDF\�FDQQRW�EH�UHDFKHG�LQ�RWKHU�SDUWV�RI�WKH�V\VWHP��

2QH�RI�WKH�YDJXHQHVV�UHDVRQV�DOVR�LV�WKH�PRGHOOLQJ���WKLQNLQJ��SURFHVV�SURFHHGV�IURP�WKH�
LQGLVWLQJXLVKDEOH� WKURXJK�JUDGXDO� VHSDUDWLQJ� SDUWLFXODU� VLJQV� WRZDUGV� WKH� GLVWLQJXLVKDEOH��$�
EDVLV�LV��WKHUHIRUH��QRQ�GLVWLQJXLVK��LQGLIIHUHQFH���DQG��WKHUHIRUH��LQGHWHUPLQDF\��,Q�DGGLWLRQ��D�
PDQ�LV�XVXDOO\�QRW�DEOH�WR�GLIIHUHQWLDWH�DQG�GHVLJQDWH�H[DFWO\�WKH�HOHPHQWV�DQG�UHODWLRQV��7KLV�
>�@� ������������������������������ ������������������� 7KH�UHVHDUFK�ZDV�VXSSRUWHG�E\�*UDQW�$JHQF\�RI�WKH�&]HFK�UHSXEOLF��*$ý5��&(=��
�������������DQG���������������7KLV�VXSSRUW�LV�JUDWHIXOO\�DFNQRZOHGJHG���



LV� FRQQHFWHG� WR� WKH� LPSOHPHQWDWLRQ� �UHDOL]DWLRQ�� DVSHFW�� (YHQ� LW� ZRXOG� EH� SRVVLEOH� WR�
GLIIHUHQWLDWH�H[DFWO\��LW�LV�QRW�SRVVLEOH�WR�JDLQ�DQG�SURFHVV�LQ�D�UHDVRQDEOH�WLPH�DOO�LQIRUPDWLRQ�
UHODWHG� WR� FRPSOH[� PRGHOV�� 7KLV� DVSHFW� LV� FKDUDFWHUL]HG� DV� D� FRQWUDGLFWLRQ� EHWZHHQ� D�
FRQFHSWXDO�DFFXUDF\�DQG�VHQVXDO�YDJXHQHVV��

&RPPRQ�HFRQRPLF�DQG�ILQDQFLDO�PRGHOV�VHUYH�DV�D�WRRO�IRU�VXSSRUWLQJ�GHFLVLRQ�PDNLQJ�LQ�
FRPSOH[�G\QDPLF� V\VWHPV� FRQWURO�� �2QHV�DUH� FKDUDFWHUL]HG�E\�RSHUDWLQJ� YHU\�FRPPRQ� DQG�
DEVWUDFW� FRQFHSWV�� 7KH\� FRPSULVH� HVSHFLDOO\� QXPHULFDO� FRQFHSWV� H[SUHVVLQJ� D� PHDVXUH� DQG�
UDQNLQJ�� 7KH\� DUH� IROORZHG� E\� HFRQRPLF� FRQFHSWV� JHQHUDOL]LQJ� SURSHUWLHV� RI� FRPSOH[�
G\QDPLF�HFRQRPLF�V\VWHPV��

(FRQRPLF� DQG� ILQDQFLDO� GHFLVLRQ�PDNLQJ� LV� LPSOHPHQWHG� LQ� VXFK� D�ZD\� WKDW� D� GHFLVLRQ�
PDNHU�DOZD\V�SHUFHLYHV�WKH�ZKROH�GHFLVLRQ�PDNLQJ��YHFWRU��VSDFH�LQ�VXEVWDQWLDO�FRUUHODWLRQV��
ILQGLQJ�LQ�LW�D�FHUWDLQ�FRPSDFW�DUHD�H[SUHVVLQJ�VLPSOLILFDWLRQ�DQG�YDJXHQHVV�VSHFLILHG�OHYHO�RI�
WKH�DUHD�RI�GHFLVLRQ�PDNLQJ��

7KLV� LV� UHDOL]HG� E\� FUHDWLQJ� PRGHOV� PHHWLQJ� WKH� IROORZLQJ� PDLQ� DVSHFWV�� 2EMHFWLYHQHVV��
�SXUSRVHIXOQHVV���&RPSOH[LW\��LQWHJULW\���$SSUR[LPDWLRQ�UDWH��9DJXHQHVV��LQGHWHUPLQDF\���

%DVHG�RQ�H[SHULHQFH��WUDGLWLRQDO�PHDQV�RI�GHFLVLRQ�PDNLQJ�PRGHOOLQJ�RI�FRPSOH[�V\VWHPV�
XVXDOO\� GR� QRW� FRPSO\� ZLWK� WKHVH� DVVXPSWLRQV�� HVSHFLDOO\� FRQFHUQLQJ� WKH� LQ�GHWHUPLQDWLRQ�
DVSHFWV�DQG�DSSUR[LPDWLRQ�UDWH��

�
��� 5LVN�DQG�YDJXHQHVV�XQFHUWDLQW\�DVSHFWV�LQ�ILQDQFLDO�PRGHOOLQJ�DQG�
GHFLVLRQ�PDNLQJ�
�

7\SLFDO� IHDWXUH� RI� ILQDQFLDO� HQYLURQPHQW� LV� XQFHUWDLQW\�� 7KLV� WHUP� LV� XQGHUVWRRG� PRVWO\� DV� ULVN�
XQFHUWDLQW\� �SUREDELOLW\�� VWRFKDVWLF�� DQG� LV� PRGHOOHG� E\� VWRFKDVWLF� DSSDUDWXV�� +RZHYHU�� WKH� WHUP�
XQFHUWDLQW\� KDV� WKH� VHFRQG� DVSHFW� �� WKH� YDJXHQHVV� �VRPHWLPHV�FDOOHG� LPSUHFLVLRQ�� QRQ�SUHFLVHQHVV��
DPELJXLW\��ZKLFK�LV�RIWHQ�QHJOHFWHG�DQG�FRXOG�EH�PRGHOOHG�E\�IX]]\�PHWKRGRORJ\��,Q�WKLV�UHVSHFW�LW�LV�
DSSDUHQW�WKDW�WKH�JHQHUDO�WHUP�XQFHUWDLQW\�LQFOXGHV�WZR�DVSHFWV��ULVN��VWRFKDVWLF��DQG�YDJXHQHVV��IX]]\��
RQHV��7KHVH�WHUPV�ZLOO�EH�XVHG�LQ�WKH�SDSHU���

'LVWLQJXLVKLQJ���ULVN�DQG�YDJXHQHVV�FRQILUPV�D�GLVFXVVLRQ�LQ�ILQDQFLDO�GHFLVLRQ�PDNLQJ�IRU�VHYHUDO�
\HDUV���VHH�.H\QHV���������(OOHVEHUJ���������2OVHQ�DQG�7KURXKWRQ����������:KDW�DUH�WKH�LPSDFWV�RI�
XQFHUWDLQW\� RQ� GHFLVLRQ�PDNLQJ"� � ,QWHUHVWLQJ� FKDUDFWHULVWLFV� DUH� GHVFULEHG� LQ� 2OVHQ� DQG� 7KURXKWRQ�
���������KHUH�YDJXHQHVV�LV�FDOOHG�DPELJXLW\������8QFHUWDLQW\�LQIOXHQFH�VHOHFWLRQ������'HFLVLRQ�PDNHUV�
DUH� DPELJXLW\� DYHUVH� LQ� JHQHUDO�� ���� $PELJXLW\� FDXVHV� PRUH� ZHLJKW� WR� EH� SODFHG� RQ� QHJDWLYH�
LQIRUPDWLRQ�� ���� %X\HUV� SD\� ORZHU� SULFHV� IRU� DQG� LQVXUHUV� UHTXLUH� KLJKHU� SUHPLXP� RQ� REMHFWV� RU�
KD]DUGV�VXEMHFW�WR�JUHDWHU�GLIILFXOW\�LQ�HVWLPDWLRQ�RI�YDOXH�RU�SUREDELOLW\�RI�RXWFRPH������5LVN�DYHUVLRQ�
DQG�DPELJXLW\�DYHUVLRQ�KDYH�QRW�EHHQ�VHHQ�WR�EH�KLJKO\�FRUUHODWHG���7KXV�VLPSOLILFDWLRQ�DQG�LQGHWHUPLQDF\�LGHQWLILFDWLRQ�DUH�H[SUHVVHG�EHLQJ�FORVH�WR�D�KXPDQ�
ZD\�RI�WKLQNLQJ��DQG�EHWWHU�FRUUHVSRQGLQJ�WR�D�GHFLVLRQ�PDNLQJ�SURFHVV�LQ�FRPSOH[�G\QDPLF�
ILQDQFLDO�V\VWHPV��

$�GHFLVLRQ�PDNLQJ�PRGHOOLQJ�SURFHVV�LWVHOI�VWDUWV�ZLWK�YHUEDO�WHUPV�RI�UHIHUHQFH�DQG�PRGHO�
SDUDPHWHUV�VHWWLQJ�IRU�UHDO�REMHFWV�DQG�UHODWLRQV��WRR��

$� UHVXOW� RI� RSWLPLVDWLRQ� FDOFXODWLRQV� LV� EHLQJ� WUDQVIHUUHG� E\� D� UHYHUVH� SURFHGXUH�
�OH[LFRJUDSKLFDO�DSSUR[LPDWLRQ��WR�D�YHUEDO�IRUP��$�GHFLVLRQ�PDNHU�WKXV�UHDFKHV�WKH�RSWLPXP�
VROYLQJ�LQ�IRUP�RI�FRPSDFW�VSKHUH�RI�YHFWRU�VSDFH��

7KLV� PHQWLRQHG� DSSURDFK� LV� LPPDQHQWO\� SUHVHQW� LQWHU� DOLD� LQ� ILQDQFLDO� DQG� HFRQRPLF�
PRGHOOLQJ�RQ�FRPSOH[�G\QDPLF�RSWLPLVDWLRQ�V\VWHPV���

7KHVH� PRGHOV� XVXDOO\� FRQVLVW� RI� IROORZLQJ� EDVLF� SDUWV�� EDODQFH� HTXDWLRQ� �FDVK� IORZ�
EDODQFH�� DVVHWV� DQG� OLDELOLWLHV� EDODQFH��� WUDQVLWLRQ� WUDQVIRUPDWLRQ� � �GHSUHFLDWLRQ� LQLWLDWLRQ��
LQVWDOPHQWV� VFKHGXOHV�� HWF���� SHUPLVVLEOH� VWUDWHJLHV� OLPLWDWLRQ� �FRVW�� GHEWV�� � OLTXLGLW\�� DVVHWV�
HIILFLHQF\��FDSLWDO�DSSURSULDWHQHVV�� � UHVHUYH�UDWLR��HWF����GHPDQG�OLPLWDWLRQ��UHYHQXHV�� ORDQV���



VXSSO\�OLPLWDWLRQV��LQYHVWPHQW��GHSRVLWV���*OREDO�RSWLPLVDWLRQ�FULWHULD�DUH�EDVHG�RQ�WKDW�RI�QHW�
SUHVHQW�YDOXHV��

,Q�ILQDQFLDO�DQDO\VLV�DQG�GHFLVLRQ�PDNLQJ�SURFHVVHV��DOO� W\SHV�RI� WKHVH�SDUDPHWHUV�FDQ�EH�
set as language variables in form (interest:"roughly 15 %“, liquidity  "rather 2,5", debts 
�URXJKO\���������FDSLWDO�DSSURSULDWHQHVV��QRW�OHVV�WKDQ���������FRVW��UDWKHU����������HWF����7KH�
VDPH�LV�WUXH�IRU�UHODWLRQV�VXFK�DV��PD\EH�OHVV�WKDQ������VXUHO\�OHVV�WKDQ����SUREDEO\�OHVV�WKDQ���
HWF�� $� UHVXOW� RI� PRGHO� LV� WKHQ� D� YHFWRU� RI� FRQWURO� �GHFLVLYH�� YDULDEOHV� �JURVV� LQYHVWPHQW��
�URXJKO\����F�X�����VKRUW�WHUP�FUHGLWV��UDWKHU�����F�X����GHSRVLWV��URXJKO\����F�X���HWF��

�
)X]]\�VWRFKDVWLF�PRGHOV�
�2QH� RI� VXLWDEOH� DSSURDFKHV� IRU� VROYLQJ� WKH� SUREOHP� LV� WR� DSSO\� D� IX]]\�VWRFKDVWLF�

PHWKRGRORJ\�DQG�FUHDWH�IX]]\�VWRFKDVWLF�PRGHO���
7KHUH� DUH� VHYHUDO� UHIHUHQFHV� FRPELQLQJ� WKH� IX]]\� DQG� VWRFKDVWLF� SURFHVVHV� DQG� K\EULG�

IX]]\�VWRFKDVWLF�PHWKRGRORJ\�KDV�EHHQ�VWXGLHG��DSSOLHG�DQG�H[SODLQHG�LQ�VHYHUDO�SDSHUV��:H�
FDQ� LQWURGXFH�EDVLF�IX]]\�VWRFKDVWLF�DSSDUDWXV��VHH� �H�J��'XERLV�DQG�3UDGH� ��������3XUL�DQG�
5DOHVFX�� �������� .UXVH� DQG� 0H\HU� �������� .DFSU]\N� DQG� )HGUL]]L��������� 9LHUWO�� ��������
5DPLN� DQG� 9ODFK� �������� /LX� DQG� .DR� ��������:X� ��������� IX]]\�VWRFKDVWLF� RSWLPLVDWLRQ�
PRGHOV�� VHH� �H�J�� :DQJ� DQG� 4LDR� �������� 'XERLV� DQG� 3UDGH� �������� /XKDQGMXOD� ��������
/XKDQGMXOD� DQG�*XSWD� ��������&KLDQJ� �������� 6DNDZD� DQG�1LVKL]DNL� �������� DQG� ILQDQFLDO�
DSSOLFDWLRQV� VHH� �H�J�� ,QXLJXVKL� DQG�5DPLN� �������� 7DQDND� HW�� DO�� �������� =PHVNDO� ��������
7DUUD]R�DQG�*XWLHUUH]���������&DUOVVRQ�DQG�)XOOHU���������<RVKLGD����������

�
)LQDQFLDO�VRIW�K\EULG�PRGHOLQJ�
,W� LV�VXSSRVHG�WKDW�LQ�WUDGLWLRQDO�ILQDQFLDO�PHWKRGRORJ\�GHFLVLRQ�PDNHU�DWWLWXGH�LV�H[DFWO\�

VWDWHG� DQG� TXDOLW\� �SUHFLVH�� GDWD� DUH� DW� GLVSRVDO�� 7KHVH� DVVXPSWLRQV� DUH� RIWHQ� IXOILOOHG� DQG�
VWRFKDVWLF�ULVN�PRGHOV�DUH�VXIILFLHQW�DQG�HIIHFWLYH�DSSURDFK�IRU�HVWLPDWLRQ�WKH�ULVN��+RZHYHU��
FRPSOH[LW\�DQG�IOH[LELOLW\�RI�ILQDQFLDO�ZRUOG�VKRZ�WKDW� WKHUH�DUH�VHYHUDO�VLWXDWLRQV� LQ�ZKLFK�
GHVFULEHG� FRQGLWLRQV� �JRDOV�� FULWHULD�� DQG� FRQVWUDLQWV�� DUH� QRW� GHWHUPLQHG� SUHFLVHO\� �LOO�
VWUXFWXUHG�SUREOHP��DQG�VRPHWLPHV�TXDOLW\�LQSXW�GDWD�DUH�QRW�DW�GLVSRVDO��LPSUHFLVH�LQSXW�GDWD�
RU� GLVWULEXWLRQ� IXQFWLRQV��� 6XFK� FLUFXPVWDQFHV� H[LVW� LI� ILQDQFLDO� V\VWHP� LV� QRQ�VWDEOH�� DIWHU�
FULVLV�� LQ� WUDQVLWLRQ� HFRQRPLHV� HWF�� )RU� PRGHOOLQJ� VXFK� VLWXDWLRQV�� WKH� IX]]\�VWRFKDVWLF�
DSSURDFK�ZDV�GHYHORSHG�DQG�FRXOG�EH�DSSOLHG���

:H�ZLOO� LQWURGXFH�DVVXPSWLRQV�DQG� LQSXW�SDUDPHWHUV� WKDW�FRXOG�EH�GLIILFXOW� WR�GHWHUPLQH�
SUHFLVHO\�DV�UHDO�QXPEHUV�RU�GLVWULEXWLRQ�IXQFWLRQV��7KLV�DVSHFW�DOVR�LPSOLHV�IURP�WKH�GHFLVLRQ�
PDNLQJ� SURFHVV� FRQGLWLRQV�� 5HDVRQV� ZK\� ILQDQFLDO� PHWKRGRORJ\� SDUDPHWHUV� FRXOG� EH�
XQGHUVWRRG�DV�XQFHUWDLQ�LPSO\�IURP�WKH�LQSXW�GDWD�XQFHUWDLQW\�DQG�WKH�DSSUR[LPDWH�SURFHGXUHV�
XVHG�� 7KHUH� LV� DQ� H[FHOOHQW� GHVFULSWLRQ� RI� OLPLWDWLRQ� RI� VWRFKDVWLF� ILQDQFLDO� PRGHOOLQJ�
PHWKRGRORJ\�LQ�-RULRQ���������VLPLODU�RSLQLRQ�LV�SUHVHQWHG�LQ�3LFRXOW���������

3RUWIROLR�� 9$5� DQG� ULVN�PRGHOV� GR� QRW� SURYLGH� D�PHDVXUH� RI� DEVROXWH�ZRUVW� ORVV�� RQO\�
VRPH�FRQILGHQFH�OHYHO��ULVN�RI�H[FHHGLQJ���

5LVN� � DOVR� DVVXPHV� WKDW� WKH� SRVLWLRQ� LV� IL[HG� RYHU� WKH� KRUL]RQ� �IUR]HQ� SRVLWLRQ��� 7KLV�
DVVXPSWLRQ��KRZHYHU�� LJQRUHV� WKH�SRVVLELOLW\�RI� FKDQJLQJ� WKH� WUDGLQJ�SRVLWLRQV�RYHU� WLPH� LQ�
UHVSRQVH�WR�FKDQJLQJ�PDUNHW�FRQGLWLRQV��FKDQJLQJ�SRVLWLRQ�ULVN���

5LVN� PRGHOV� DUH� EDVHG� RQ� KLVWRULFDO� GDWD� DQG� LW� LV� DVVXPHG� WKDW� UHFHQW� SDVW� LV� D� JRRG�
SURMHFWLRQ� RI� IXWXUH� UDQGRPQHVV�� 6RPH� VLWXDWLRQV� ZKHUH� WKH� KLVWRULFDO� SDWWHUQV� FKDQJH�



DEUXSWO\� ZLOO� FDXVH� KDYRF� ZLWK� PRGHOV�� &KDQJLQJ� FRUUHODWLRQ� FRHIILFLHQWV� FDQ� OHDG� WR�
GUDVWLFDOO\�GLIIHUHQW�PHDVXUHV�RI�SRUWIROLR�ULVN��HYHQW�DQG�VWDELOLW\�ULVN���

:KHQHYHU� WKHUH� LV� D� PDMRU� FKDQJH�� VRPH� SRVVLELOLW\� RI� HUURUV� H[LVWV�� 7KLV� DSSOLHV� IRU�
LQVWDQFH�WR�RUJDQLVDWLRQDO�FKDQJHV��LPSOHPHQWDWLRQ�QHZ�V\VWHPV�HWF���WUDQVLWLRQDO�HUURUV���

$OO� WKH� DQDO\WLFDO� PHWKRGV� DVVXPH� WKDW� HYHU\� GDWD� DUH� DYDLODEOH� WR� PHDVXUH� ULVN�� $�
PHDQLQJIXO�PDUNHW�FOHDULQJ�SURFHVV�PD\�QRW�H[LVW�IRU�VRPH�VHFXULWLHV��GDWD�LQDGHTXDF\�ULVN���

(UURUV� LQ� PRGHO� RXWSXW� FDQ� EH� GXH� WR� HUURUV� LQ� LQSXWV�� 3DUDPHWHUV� ULVN� VWHPV� IURP� WKH�
LPSUHFLVLRQ�LQ�SDUDPHWHUV�PHDVXUHPHQW�IURP�KLVWRULFDO�GDWD��6RPH�UDQGRP�HUURUV�DUH�ERXQG�
WR�KDSSHQ�MXVW�EHFDXVH�RI�VDPSOLQJ�YDULDWLRQ��VWDQGDUG�HUURUV��DQG�SUREOHP�LV�RIWHQ�LJQRUHG���
1XPEHU�RI�REVHUYDWLRQV�DQG�QXPEHU�RI�DVVHWV�LQIOXHQFH� LW��7KH�ELDV� LQFUHDVHV�DV�QXPEHU�RI�
DVVHWV� LQFUHDVHV� LQ� UHODWLRQ� WR� QXPEHU� RI� REVHUYDWLRQV�� � 7KH� SUREOHP� LV� DOVR� WKDW� KLJKHU�
QXPEHU�RI�FRUUHODWLRQV�LV�OLNHO\�WR�KDYH�EHHQ�PHDVXUHG�ZLWK�VRPH�HUURU�SUREDELOLW\�SRVLWLRQ��
7KH�KLJKHU�LV�FRUUHODWLRQ�FRHIILFLHQW�WKH�PRUH�OLNHO\�LW�ZLOO�FKDQJH�GRZQ��HVWLPDWLRQ�ULVN����

8VHUV� VKRXOG� UHDOLVH� WKH� IXQGDPHQWDO� WUDGH�RII� EHWZHHQ�XVLQJ�PRUH�GDWD��ZKLFK� OHDGV� WR�
PRUH� SUHFLVH� HVWLPDWHV�� DQG� IRFXVLQJ� RQ� PRUH� UHFHQW� GDWD�� ZKLFK�PD\� EH� VDIHU� LI� WKH� ULVN�
FKDQJHV� RYHU� WLPH�� 7KH� SUREOHP� LV� DOVR� WKDW� WKH� DYDLODEOH� KLVWRULHV� PD\� JLYH� D� GLVWRUWHG�
SLFWXUH� RI� WKH� ULVN�PHUHO\� GXH� WR� VXUYLYDO� RI� WKH� VHULHV�� 6LQFH� RQO\� VHULHV� LQ� H[LVWHQFH� DUH�
FRQVLGHUHG��IRUHFDVWLQJ�ULVN���

6RPH� RI� WKH� ULVNV� DUH� D� GLUHFW� UHVXOW� RI� WKH�PRGHO� DSSUR[LPDWLRQ�� 3UHGLFWLRQV� ZLOO� WKHQ�
LQHYLWDEO\�SURGXFH�VRPH�HUURUV��LPSOHPHQWDWLRQ�ULVN���

,Q� WKH� FDVH� RI� DSSOLFDWLRQ� D� ILQDQFLDO� PRGHOV� WKH� HVWLPDWLRQ� RI� DQ� ILQDQFLDO� GDWD� LV�
GHWHUPLQHG�E\�LQSXW�GDWD�SUHFLVLRQ��PDLQO\�FRQFHUQLQJ�RI�YDOLGLW\��TXDOLW\�DQG�DYDLODELOLW\�RI�
LQSXW�GDWD��7KHUH�DUH�DOVR�SUREOHPV�ZLWK�GDWD�IUHTXHQF\�DQG�VWRFKDVWLF�HUURU�DV�ZHOO���

$Q� DSSOLFDWLRQ� RI� IX]]\�VWRFKDVWLF� PHWKRGRORJ\� LQ� ILQDQFLDO� PRGHOOLQJ� LV� EHLQJ� VWXGLHG�
QRZ��$�VXUYH\�RI�LQSXW�GDWD�YDJXHQHVV�SUREOHPV�LQ�ILQDQFH�DQG�DFFRXQWLQJ�GHFLVLRQ�PDNLQJ�
LV�LQ��6LHJHO�HW�DO���������5LEHLUR�HW�DO������������

:H�FDQ�VHH�IRXU�EDVLF�DSSOLFDWLRQ�EUDQFKHV������9DOXDWLRQ�RI�ILQDQFLDO�LQVWUXPHQWV�ZKHUH�
EDVLF�DVVXPSWLRQV�RI�YRQ�1HXPDQQ�DQG�0RUJHQVWHUQ�H[SHFWHG�XWLOLW\�WKHRU\�DUH�QRW�IXOILOOHG��
PDLQO\� DVVXPSWLRQ� RI� VXEDGGLWLRQ�� ,W� PHDQV� D� SUREDELOLW\� PHDVXUH� LV� VXEVWLWXWHG� DQG�
JHQHUDOLVHG�E\�D�IX]]\�PHDVXUH��>�VHH�IRU�LQVWDQFH�6LPRQHOOL���������<RXQJ�DQG�=DULSKRSRXOX�
������@��&KHUXELQL�HW�DO���������6LPRQHOOL����������<RVKLGD���������������)RUHFDVWLQJ�ILQDQFLDO�
FKDUDFWHULVWLFV� E\� UREXVW� IX]]\� PHWKRGRORJ\� RU� E\� QHXUR�IX]]\� QHWZRUN� VHH� IRU� H[DPSOH�
5LEHLUR� HW� DO�� �������� 7VHQJ� HW� DO�� �������� ���� 0XOWLSOH� FULWHULD� HYDOXDWLRQ� RI� FRUSRUDWH�
ILQDQFLDO�OHYHO�RU�FUHGLWZRUWKLQHVV�ZLWK�VRIW�DVSHFWV�DQG�DSSO\LQJ�IX]]\�DJJUHJDWH�RSHUDWRUV�LQ�
FRPSDULQJ� ZLWK� WUDGLWLRQDO� H[SHFWHG� XWLOLW\� FULWHULRQ�� &KRTXHW� LQWHJUDO�� 6XJHQR� LQWHJUDO� RU�
RUGHU� ZHLJKWLQJ� DYHUDJH� RSHUDWRUV� �2:$��� VHH� 5LEHLUR� HW� DO�� �������� =PHVNDO� �������� ����
)LQDQFLDO�PRGHOOLQJ�XQGHU� VRIW� LQSXW�GDWD� DQG� LOO�VWUXFWXUHG�GHFLVLRQ�PDNLQJ�FLUFXPVWDQFHV��
DSSURDFK� LV� EDVHG� RQ� DVVXPSWLRQ� WKDW� LQSXW� GDWD� �SDUDPHWHUV�� GLVWULEXWLRQ� IXQFWLRQV�� LV�
SRVVLEOH� LQWURGXFH� RQO\� YDJXHO\�� 7KH� DSSURDFK� PLJKW� EH� VHHQ� DV� JHQHUDOLVHG� VHQVLWLYLW\�
DQDO\VLV��  see Tanaka et al. (2000), Inuiguchi and Ramík (2000),�=PHVNDO� ��������&DUOVVRQ�
HW�DO����������6DNDZD�HW��DO����������&DUOVVRQ�HW�DO����������<RVKLGD���������=PHVNDO���������
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7KH� DSSURDFK� WR�PRGHOOLQJ� XQFHUWDLQW\� RI� SRUWIROLR�PHDQ� YDULDQFH�PHWKRGRORJ\�XQGHU� VRIW�
FRQGLWLRQV�E\�IX]]\�VWRFKDVWLF�PHWKRGRORJ\�ZLOO�EH��GHVFULEHG��5LVN�LV�PRGHOOHG�E\�VWRFKDVWLF�
PHWKRGRORJ\�RQ�WKH�SRUWIROLR��EDVLV�DQG�YDJXHQHVV�LV�PRGHOOHG�WKURXJK�WKH�IX]]\�QXPEHUV��,W�
LV� VKRZQ�� WKDW� PHWKRGRORJ\� GHVFULEHG� FRXOG� EH� FRQVLGHUHG� WR� EH� JHQHUDOLVHG� VHQVLWLYLW\�
DQDO\VLV���

3RUWIROLR�PRGHO�LV�RI�WKH�FULVS�VWRFKDVWLF�FDWHJRU\��,W�PHDQV�WKDW�LQSXW�GDWD�DQG�SDUDPHWHUV�
�JRDOV�� REMHFWLYHV�� DQG� FRQVWUDLQWV�� DUH� GHWHUPLQHG� DV� FULVS� �UHDO�� QXPEHUV� RU� XQLTXH�
GLVWULEXWLRQ� IXQFWLRQV��7KXV�� LW� LV� VXSSRVHG� WKDW�GHFLVLRQ�PDNHU� LV�DEOH� WR�H[DFWO\�GHWHUPLQH�
GHFLVLRQ� SDUDPHWHUV� DQG� XQLTXH� LQSXW� GDWD� �GLVWULEXWLRQ� IXQFWLRQV�� DUH� NQRZQ�� 7KHVH�
DVVXPSWLRQV�DUH�IXOILOOHG�LQ�PDQ\�VLWXDWLRQV�DQG�WUDGLWLRQDO�SRUWIROLR�RSWLPLVDWLRQ�PHWKRG�LV�
XVHIXO�PHWKRGRORJ\�IRU�SUHGLFWLRQ�ILQDQFLDO�ULVN��+RZHYHU��EHFDXVH�RI�FRPSOH[LW\�RI�ILQDQFLDO�
V\VWHPV�� WKHUH� DUH� VHYHUDO� VLWXDWLRQV� WKDW� LQSXW� GDWD� LV� QRW� SRVVLEOH� GHWHUPLQH� SUHFLVHO\� EXW�
RQO\� VRIWO\�� ,W� PHDQV�� GHFLVLRQ�PDNHU� VKRXOG� QRW� EH� DEOH� WR� VWDWH� SDUDPHWHUV� �JRDOV��
FRQVWUDLQWV�� FULVSO\� E\� FULVS� QXPEHUV� RU� XQLTXH� GLVWULEXWLRQ� IXQFWLRQ� EXW� RQO\� YDJXHO\� E\�
IX]]\� QXPEHUV� RU� IX]]\� SUREDELOLW\� GLVWULEXWLRQ� IXQFWLRQV�� � 7KHUHIRUH�� XQLTXH� GLVWULEXWLRQ�
IXQFWLRQV� DUH� QRW� DW� GLVSRVDO�� DQG� LW� LV� D� IXQFWLRQ� RI� WKH� ZHLJKW� DWWDFKHG� WR� D� SUREDELOLW\�
MXGJPHQW��6XFK�FRQGLWLRQV�H[LVW�LI�ILQDQFLDO�V\VWHP�LV�QRQ�VWDEOH�RU�LOOLTXLG��H�J��LQ�WUDQVLWLRQ�
HFRQRPLHV�� HPHUJLQJ� PDUNHWV�� DIWHU� FULVLV�� LQQRYDWLYH� FRPSDQLHV�� QHZ� WHFKQRORJLHV�
FRPSDQLHV��ORQJ�WHUP�IRUHFDVWHG�KRUL]RQ�HWF���

�
&ULVS�VWRFKDVWLF�FKDQFH�FRQVWUDLQHG�0�9�SRUWIROLR�PRGHO��
$� VSHFLDO� H[DPSOH� RI� JHQHUDO� FKDQFH� FRQVWUDLQHG� VWRFKDVWLF� PRGHO� LV� WKH� 0�9� �PHDQ�

YDULDQFH��PRGHO�ZLWK�QRUPDO�GLVWULEXWLRQ�RI�UDQGRP�YDULDEOHV��7KH�0�9�YHUVLRQ�RI�3UREOHP���
LV�IRUPXODWHG�DV�QRQ�OLQHDU�SURJUDPPLQJ�SUREOHP��

�
3UREOHP�������PHDQ�YDULDQFH�FKDQFH�FRQVWUDLQHG�SUREOHP�ZLWK�H[SHFWHG�XWLOLW\�REMHFWLYH�
IXQFWLRQ��
������������������������������������� PD[�YDU����@�> →⋅−=∑ JU[F([F8( ��� �� ��
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7KH�REMHFWLYH� IXQFWLRQ�GHSLFWV�PD[LPXP�H[SHFWHG�XWLOLW\� YDOXH� LQ�0�9� IRUPXODWLRQ��%\�
V\PERO� U� LV� H[SUHVVHG� LQYHVWRUV� DWWLWXGH� WR� ULVN�� YHFWRU� [� LV� RSWLPLVHG� VROXWLRQ�� ( )#F( � DQG�

( )$FYDU �DUH�H[SHFWHG�DQG�YDULDQFH�YDOXHV�RI�FRHIILFLHQWV���
%\� FRQVWUDLQWV� � �3��� LV� GHVFULEHG�� WKDW� LQHTXDOLW\� JUHDWHU� RU� HTXDO�ZLWK� SUREDELOLW\� γ−� �

VKRXOG� EH� IXOILOOHG�� 6\PERO� ���% γ−Φ − �PHDQV� WKH� LQYHUVH� QRUPDO� VWDQGDUGLVHG� GLVWULEXWLRQ�
IXQFWLRQ�RI� γ−� �� & 'σ �LV�FRYDULDQFH���&RQGLWLRQV��3���DUH�QRQ�QHJDWLYH�FRQVWUDLQWV���

1RZ�� ZH� VXSSRVH� WKDW� UDQGRP� SDUDPHWHUV� PD\� EH� LQWURGXFHG� RQO\� YDJXHO\� E\� IX]]\�
UDQGRP� YDULDEOHV�� 7KH� REMHFWLYH� IXQFWLRQ� LQFOXGHV� WZR� DVSHFWV�� VWRFKDVWLF� �H[SHFWHG� XWLOLW\�
IXQFWLRQ�� DQG� YDJXHQHVV� �PLQLPDO� IX]]LQHVV��� &RQVWUDLQWV� LQFOXGH� DOVR� VWRFKDVWLF� DVSHFW�



�SUREDELOLW\�OHYHO�RI�FRQVWUDLQW��DQG�YDJXHQHVV��IX]]LQHVV�RI�ELQDU\�UHODWLRQ���7KHUHIRUH�IX]]\�
VWRFKDVWLF� RSWLPLVDWLRQ�PRGHO� LV� K\EULG� DQG� IX]]\�VWRFKDVWLF�PRGLILFDWLRQ� RI� 3UREOHP� �� LV�
IROORZLQJ���

�
3UREOHP�������JHQHUDOLVHG�IX]]\�VWRFKDVWLF�FKDQFH�FRQVWUDLQHG�0�9�PRGHO��
������������������������������������� [DaP�aYDU�a�a�a�@a�>a →⋅−=∑ JU[F([F8( ((( (( ��
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7KH�REMHFWLYH� IXQFWLRQ�GHSLFWV�PD[LPXP�H[SHFWHG�XWLOLW\� YDOXH� LQ�0�9� IRUPXODWLRQ�DQG�
IX]]LQHVV���%\�V\PERO�U�LV�GHVFULEHG�LQYHVWRUV�DWWLWXGH�WR�ULVN��YDULDEOH�[: �LV�RSWLPLVHG�UHVXOW��
6\PEROV� �a�a ;F( �� ( )< =D( a �� �a�a >E( �DUH�IX]]\�H[SHFWHG�YDOXHV��DQG� �aU�DaY J �� �a�a >Kσ �GHSLFW� IX]]\�
YDULDQFH�DQG� VWDQGDUG� GHYLDWLRQ�� V\PEROV� [DaP��a��a+ � DUH� IRU� IX]]\� DGGLWLYH�� VXEWUDFWLRQ� DQG�
PD[LPLVDWLRQ�RSHUDWLRQV�� �*5~ �LV�IX]]\�ELQDU\�UHODWLRQ�RI�JUHDWHU�RU�HTXDO��

7KH�SUREOHP�VKRXOG�EH�VROYHG�XQGHU�QRUPDO�IX]]\�VHW�E\�GHFRPSRVLWLRQ�SULQFLSOH�ZLWK�LQ�
α�OHYHO� FXWV�� � *UDSK� VKRZV� HIILFLHQW� VHWV� RI� WKH� 0�9� PRGHO� XQGHU� VRIW� FRQGLWLRQV� GXH� WR�
3UREOHP���LQ�α�OHYHO�FXWV��
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��� &RQFOXVLRQ�
$�WUDGLWLRQDO�FRQFHSWLRQ�RI�ILQDQFLDO�PRGHOOLQJ�LV�EDVHG�RQ�WKH�LGHD�WKH�IX]]\�DSSURDFK�LV�

DGGLWLRQDOO\� LQVHUWHG� LQWR� D�PRGHO�� +RZHYHU�� WKH� RSSRVLWH� LV� WUXH�� D� FULVS�VWRFKDVWLF�PRGHO�
EHLQJ�VRPHWKLQJ�OLNH�DQ�LQWHU�PHPEHU��

$�UHVXOWLQJ�UHVROXWLRQ�LV�VLPXOWDQHRXVO\�D�VHQVLWLYLW\�DQDO\VLV�RI�D�GHFLVLRQ�PDNLQJ�PRGHO��
)URP� WKLV� SRLQW� RI� YLHZ�� WKH� GHVFULEHG� IX]]\�VWRFKDVWLF� PRGHOOLQJ� PHWKRG� LV� D� FRPPRQ�
VHQVLWLYLW\�DQDO\VLV�FRPSULVLQJ�HOHPHQWV�RI�URXJKQHVV���7KXV�D�IX]]\�PRGHO�FDQ�EH�FRQVLGHUHG�
WR�EH�D�JHQHUDOL]HG�DSSURDFK�WRZDUGV�PRGHOOLQJ�LQ�D�HFRQRPLF�DQG�ILQDQFLDO�VSKHUH��

�
,W�ZDV�VKRZQ�WKDW�IX]]\�VWRFKDVWLF�PRGHOV�UHIOHFW�ILQDQFLDO�GHFLVLRQ�PDNLQJ�FRQGLWLRQV�DQG�

LQFOXGH� DVSHFWV�� UDQGRPQHVV� �VWRFKDVWLF�� DQG� YDJXHQHVV� �IX]]LQHVV��� 7KHUHIRUH�� WKH� K\EULG�
PRGHO�PLJKW� EH� FRQVLGHUHG� DV� D� JHQHUDOLVHG� DSSURDFK� DQG� DGYDQFHG� JHQHUDOLVHG� VHQVLWLYLW\�
DQDO\VLV��

$SSOLFDWLRQV�RI� WKH�VWRFKDVWLF�� IX]]\�RU� IX]]\�VWRFKDVWLF�PRGHOV�DUH�QRW� LQ� FRQWUDGLFWLRQ��
(DFK� RI� WKHVH� PRGHOV� LV� VXLWDEOH� IRU� GLIIHUHQW� GHFLVLRQ�PDNLQJ� FRQGLWLRQV�� 6XLWDEOH�
DSSOLFDWLRQV� GHSHQG� RQ� LI� LQSXW� GDWD� RI� WKH� PRGHO� FRLQFLGH� ZLWK� GHFLVLRQ�PDNLQJ�
FLUFXPVWDQFHV�DQG�LQSXW�GDWD�SUHFLRXVQHVV��
�
�
5HIHUHQFHV�
&DUOVVRQ�� &�� )XOOHU�� 5�� ������� $� IX]]\� DSSURDFK� WR� UHDO� RSWLRQ� YDOXDWLRQ�� )X]]\� 6HWV� DQ�

6\VWHPV�������SS����������
&DUOVVRQ��&K���)XOOHU��5���0DMOHQGHU��3����������$�SRVVLELOLVWLF�DSSURDFK�WR�VHOHFWLQJ�SRUWIROLRV�

ZLWK�KLJKHVW�XWLOLW\�VFRUH���)X]]\�6HWV�DQG�6\VWHPV������������SS�������
&KHQ�� 6�-��� +ZDQJ�� &�� /��� +ZDQJ�)��3�� ������� )X]]\� PXOWLSOH� DWWULEXWH� GHFLVLRQ� PDNLQJ��

0HWKRGV� DQG� $SSOLFDWLRQV� �/HFWXUH� 1RWHV� LQ� HFRQRPLFV� DQG� 0DWKHPDWLFDO� 6\VWHPV���
6SULQJHU�9HUODJ��

&KLDQJ�� -��� ������� )X]]\� OLQHDU� SURJUDPPLQJ� EDVHG� RQ� VWDWLVWLFDO� FRQILGHQFH� LQWHUYDO� DQG�
LQWHUYDO�YDOXHG�IX]]\�VHW��(XURSHDQ�-RXUQDO�RI�2SHUDWLRQDO�5HVHDUFK�������������SS��������

'HOJDGR��0��� �������3URFHGXUH�IRU� UDQNLQJ�IX]]\�QXPEHUV�XVLQJ� IX]]\� UHODWLRQV��)X]]\�6HWV�
DQG�6\VWHPV������SS��������

'XERLV��'���3UDGH��+���������)X]]\�VHWV�DQG�V\VWHPV��$FDGHPLF�3UHVV��1HZ�<RUN��
'XERLV��'���3UDGH��+���������)XQGDPHQWDOV�RI�)X]]\�6HWV��.OXZHU�DFDGHPLF�3XEOLVKHUV�
(OOHVEHUJ��'��� �������5LVN��$PELJXLW\� DQG�6DYDJH�$[LRPV��4XDUWHUO\� -RXUQDO� RI�(FRQRPLFV��

YRO������QR����
)RGRU��-��&���5RXEHQV��0���������3UHIHUHQFH�0RGHOLQJ�DQG�0XOWL�FULWHULD�GHFLVLRQ�VXSSRUW��

.OXZHU�$FDG��3XEO���%RVWRQ�–�'RGUHFKW�–�/RQGRQ�
,QXLJXFKL�� 0�� 5DPLN�� -�� ������� 3RVVLELOLVWLF� OLQHDU� SURJUDPPLQJ�� D� EULHI� UHYLHZ� RI� IX]]\�

PDWKHPDWLFDO� SURJUDPPLQJ� DQG� FRPSDULVRQ� ZLWK� VWRFKDVWLF� SURJUDPPLQJ� LQ� SRUWIROLR�
VHOHFWLRQ�SUREOHP��)X]]\�6HWV�DQG�6\VWHPV�������SS������

-RULRQ��3���������9DOXH�DW�5LVN��0F�*UDZ�+LOO�
.DFSU]\N�� -��� )HGUL]]L�� 0�� ������� &RPELQLQJ� )X]]\� ,PSUHFLVLRQ� ZLWK� 3UREDELOLVWLF�

8QFHUWDLQW\�LQ�'HFLVLRQ�PDNLQJ��6SULQJHU�9HUODJ��+HLGHOEHUJ���
.H\QHV�� -��0�� �������7KH�*HQHUDO� WKHRU\� RI� (PSOR\PHQW�� ,QWHUHVW� DQG�0RQH\�� 1HZ�<RUN��

+DUFRXUW�%UDFH�
.UXVH�� 5��� 0H\HU�� '�� ������� 6WDWLVWLFV� ZLWK� 9DJXH� 'DWD�� ,Q� 6HULHV� %�� 0DWKHPDWLFDO� DQG�

6WDWLVWLFDO�0HWKRGV��5HLGHO��'RGUHFKW��WKH�1HGHUODQGV��
/DL�<��-���+ZDQJ��&��/���������$�6WRFKDVWLF�3RVVLELOLVWLF�3URJUDPPLQJ�0RGHO�IRU�%DQN�

+HGJLQJ�'HFLVLRQ�3UREOHPV��)X]]\�6HWV�DQG�6\VWHPV��1R�����



/HH��(��6���/L��5��/���������&RPSDULVRQ�RI�IX]]\�QXPEHUV�EDVHG�RQ�WKH�SUREDELOLW\�PHDVXUH�RI�
IX]]\�HYHQWV���&RPSXWHU�DQG�0DWKHPDWLFV�ZLWK�$SSOLFDWLRQV������S���������

/LX�� 6�7��� .DR�� &K��� ������� )X]]\� PHDVXUHV� IRU� FRUUHODWLRQ� FRHIILFLHQW� RI� IX]]\� QXPEHUV���
)X]]\�VHWV�DQG�V\VWHPV�������������SS���������

/XKDQGMXOD��0��.���*XSWD��0��0���������2Q�)X]]\�6WRFKDVWLF�2SWLPL]DWLRQ��)X]]\�6HWV�DQG�
6\VWHPV��1R�����

/XKDQGMXOD��0�.����������)X]]LQHVV�DQG�5DQGRPQHVV�LQ�DQ�2SWLPL]DWLRQ�)UDPHZRUN��)X]]\�
6HWV�DQG�6\VWHPV��1R���������������

2OVHQ��5��$���7KURXKWRQ��*��+��$UH�5LVN�3UHPLXP�$QRPDOLHV�FDXVHG�E\�DPELJXLW\"��)LQDQFLDO�
$QDO\VW�-RXUQDO��0DUFK�$SULO������

3LVRXOW�� (�� ������� 4XDQWLI\LQJ� WKH� 5LVN� RI� 7UDGLQJ�� ,Q�� � 'HPSVWHU�� 0�� $�� +�� ������� 5LVN�
0DQDJHPHQW��9DOXH�DW�5LVN�DQG�%H\RQG��&DPEULGJH�8QLYHUVLW\�3UHVV�

3XUL�� 0�� /��� 5DOHVFX�� '�� $�� ������� )X]]\� 5DQGRP� 9DULDEOHV�� -RXUQDO� RI� 0DWKHPDWLFDO�
$QDO\VLV�DQG�$SSOLFDWLRQV������������SS���������

5DPtN��-��� LPDQHN��-���������,QHTXDOLW\�UHODWLRQV�EHWZHHQ�IX]]\�QXPEHUV�DQG�LWV�XVH�LQ�IX]]\�
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