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CAPITAL BUDGETING AND THE

REINVESTMENT ASSUMPTION

Abstract

One of the most misunderstood concepts in the fields of finance and accounting is the
“reinvesment assumption” in invesment decisons. This assumption is used in invesment
decisons involving time vaue of money concepts and range from capita projects to bonds and
stock selection. It is the purpose of this paper to explore the reinvestment assumption in net
present value and internd rate of return techniques by a mathematica exploration, including a
sample problem, and to discuss some inferences involved. This exploration shows that the need
for reinvestment is afase assumption. The paper aso briefly explores the implications of this
finding for investment decisons.

Introduction

One of the most misunderstood concepts in the fields of finance and accounting is the
“reinvesment assumption” in investment decisons. This assumption is used in investment
decisons involving time vaue of money concepts and range from capita projects to bonds and
gock sdection. Capita budgeting, where it is generaly assumed that the time vaue techniques
of net present vaue (NPV) and/or internd rate of return (IRR) are the appropriate criterion to
employ, isthe focus of this paper. Financid literature has long recognized that NPV and IRR
can give conflicting rankings for the same set of investment dternatives. The source of this
conflict isdmog universaly traced to a“reinvestment assumption” that is congdered implicit in
al of the present vaue techniques. For example one author [13] states “ The ultimate factor that
causes the difference in rankings is the implicit reinvestment rate assumptions incorporated into
the NPV and IRR formulas.” Another author [12] says “ The outcome depends on what
assumptions the decision maker chooses to make about the implied reinvestment rete for the net
cash flows generated from each project.” Still another author [2], among many, presents the
fdlowing: “The NPV method implicitly assumes that the rate at which cash flows can be
reinvested is the cost of capital, whereas the |RR method implies that the firm has the
opportunity to reinvest at the IRR. These assumptions are inherent in the mathematics of the
discounting process.” Periodicaly the assumption of reinvestment of intermediate flows at a
sngerate of discount comes under investigation. Even though Dudley (1972) looked at this



assumption correctly errors ill abound in the literature and in many basic finance[1, 3, 6, 7, 10,
11, 15, 16] and accounting [8, 9] textbooks.

The source of confusion regarding reinvestment gpparently stems from an incomplete
parenthetical summary of earlier work and the assumption that compounding is an inherent
property of any form incorporating the principa of time-vaue of money — whether discounting
or compounding. Unfortunately the incomplete summary has found its way into many basic
textbooks with the result that many users of NPV and IRR falsely assume reinvestment is
necessary for the discounting techniquesto be vaid [14]. By itsdf, this partid summary inthe
literature mogt likely would not be enough for the error to continue. Rather, the inherent
assumption of compounding is aso required: for compound (future vaue) the
investment/reinvestment of intermediate flows after they are received is, obvioudy, required.
However, in this compounding process, it is not necessary to assume an investment rate before
these flows occur. Instead, the rate at which one assumes any future intermittent cash flow is
invested a determines the overal future vdue. On the other hand, in discounting, which isthe
opposite of compounding, if anything, we need to assume an investment rate before the
intermediate flows occur, not after. In essence, we need to assume that theinitia outlay isbeing
invested at some rate of return. What is done with the future intermittent flows after they are
received does not influence present vaue. It should be recognized that discounting and
compounding are not reciprocals unless we have sngle flows, and then reinvesment is a mute
question. It isthe purpose of this paper to explore the reinvestment assumption in NPV and IRR
by amathematica exploration, including a sample problem, and to discuss some inferences
involved. The find section explores the implications for investment decisons.

Methodological Approach

An exploration by a mathematical andys's suggests that the generd definition of the discount
techniques should be stated and then modified to (1) explicitly account for reinvestment of cash
flows, and (2) to alow for various rates during different time periods. For smplicity, we choose
athree period modd to highlight our analysis.



The net present value (NPV) of an investment proposal is equd to the sum of al future flows
(CF) generated by the project discounted at the required return (r) (“cost of capital”) to the
present, lessthe initia cost of the project (CF):

¢ CF
NPV = ‘- CF 1
Ay @

Theinternd rate of return (K) is defined as the discount rate which equates the present value of
the future flows of the project to the initia cost of the investment in present value terms, or

where the net present valueis zero:
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NPV =0 = ‘- CF 2
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or:
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Given the fact that IRR is defined as the rate where NPV equds zero there is little doubt that we
are taking about prevent value and not future vaue when we use ether technique to evaluae an
investment proposal. The next step is to recognize that IRR is indeed just a point solution where
NPV is equd to zero. Then conddering the possible problems (eg., multiple rates) that may
aise with IRR, and for ease of expostion and without loss of generdity this paper discusses only
the present value technique. Moreover, since IRR is just a specid case of NPV any concluson
regarding NPV is readily extended to IRR.

Having established the base rdationship, equation (1) can now be rewritten in future vaue (FV)
terms to show any “reinvestment assumption” by multiplying the equation through by the factor
(1+0)":

NPV (1+1) =& CF.(L+r)"" - CF,(1+ 1) =FV ©)

t=1

Expanding the above to show three periods, equation (4) presented below appears to demonstrate
that if anet invesment of CF, dollarstoday is to earn a unique compound rate of return, r, to
generate a net present value of NPV, the cash throw-offs must be reinvested at that samerate. It



isuniquein the sense that the future vaue (including al intermittent flows) and present value
can be related by a single discount/compounding rate.

NPV(1+r)® =CF@1+r)* +CF,(1+r)+CF, +P, - CF,(1+r)° 4

where: P; isathird period flow and represents a sdvage or maturity value

Leaving the above in unamplified form and solving for NPV yidds:
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which is an dternative form of (1) but with the dleged implied reinvesment assumption made
explicit. Expanding (5) to include for varying investment rates (r1, r2, r3) in each time period
resultsin the following:
NPV = CF1(1+r2)(1+ r3) . CF, 1+ r3) . Chy + Py ] CFO(1+ rl)(1+r2)(1+ r3) 5

A+r)A+ry)A+rg)  @A+r)A+ry)A+rg)  (I+r)A+ry)A+r3) (I+r)A+ry)(A+r3)
Simplifying this equation shows that for present value caculations the forward rates cancel out,
regardless of whether they are constant or different for each future period. Since we are dedling
with predicting the future flows and discount rates it would not be logicd to say that aflow with
given risk characteristics should be compounded forwarded at one rate and then discounted back

at another rate. These results are presented in equation (7):
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As shown, the forward cash flows are not required to be (re)invested. They can beinvested a
any rate or consumed and the present value will not change. 1t should be noted that equation (7)
isidentical to equation (1) except for the fact that the discounting processis delinegted. |If the
flows are invested, and compounded at some expected return, given an ex anti risk/return
relationship, then they would have to be discounted back by the same rate to the period in which
they originate. Thus, in essence they are only discounted back from their point of origination to
present value by the required rate of the initid investment. Thisistrue Snceit isnot logica nor



consigtent to assume, ex ante, that the investment and discount rates for a given flow would not
be equa for each future period. To compound flows out at one rate of return and then discount
them back at another rate of return would imply that market imperfections exist to generate
“excessreturn” for agivenrisk level and that it is not necessary to account for thet leve of risk.
Hence, for present value calculations they must cancel out; and, as shown in equations (6) and

(7), thisisthe case even if the discount rate is not the same for each time period.

A samplified practical example to demongtrate that cash flows do not have to be reinvested isto
examine a savings account which pays, say, a nine percent (9%) rate of return compounded
annudly and theinitid outlay is $1,000. The interest payment of $90 per year can either be
reinvested with the principa amount and earn 9% per annum, or sent to the investor. Placing the
interest payments and principd flows in athree-year time continuum shows the following cash
flow pattern:

Time 0 1 2 3
Flow -1000 +90 +90 +90
+1000

It is obvious that the IRR=9% (PV =0 at 9%), and that the investment is acceptableif the
required return is equal to or lessthan 9%. Exploring the two options associated with interest
payments alows us to determine how the present value [PV] and future value [FV] are affected
when the intermedi ate flows are invested or consumed. In the following matheméaticd andysis
the $1000 initia cogt in not included for ease of presentation. Firgt, assume reinvestment at 9%:

3 90(1+.09)"" 1000
PV = a. t n-t + 3
o (1+.09)'(1+.09) (1+.09)

__ 90(1+.09)a+.09) , 90@+09) . 9 1000
(1+.09)(1+.09)(1+.09) (1+.09)*(1+.09) (1+.09)° (1+.09)°

PV = $1,000

Including the initiad cost of $1000 resultsin, as expected, an NPV equal to zero. Turning our
atention to future vaue, at 9% reinvestment we find the following:



3
FV = Q 90(L+.09)>" +1000 (1 +.09)**

FV=90(1+.09)?+90(1.09)+90(1.09)°+1000(1+.09)°
FV=%$1,295

The future value when investing the intermittent flowsis equd to $1295. Examining the second
dternative where we assume the receipt and consumption of the interest payments shows the

following:

o 90 1000
PV=a T+ 3
= (1+.09) (1+.09)

90 % % 1000
V = + ~ + S+ -
1+.09) (1+.09)° (1+.09)° (1+.09)

PV = $1000

Agan, incduding theinitid cost of $1000 resultsin an NPV of zero. For the future vaue, with
consumption, we find:

FV = Q 90(L+ (- 1.0))* ' +1000 (1 +(- 1.0))*"

FV = 90(1-1)? + 90(1-1)* + 90(1-1)° + 1000(1-1)°
FV =$1,090
In this second case the future value is the amount received in the last year, $1090.

Anayzing the preceding example shows that the present value is $1,000 (obvioudy) and the

NPV iszero regardless of whether intermediate flows are reinvested or consumed. However, the
future values differ, $1,295 versus $1,090. From this, it may be concluded that reinvestment of
intermittent flows is not necessary for present vaue cdculations, while it is necessary for future
vaues. However, even for present vaue caculations a“reinvestment assumption” of sortsis
required — we mugt assume that the initid investment is continuoudy invested to generate the

future flows.



Implications

The preceding discussion has been limited to the question and confusion about reinvestment in
investment decisons. It was shown that it is not necessary to assume reinvestment of cash
throw-offs in the determination of present vadlue. By smple extenson since IRR isjust a pecid
case of net present vaue we can conclude that the internd rate of return method does not require
areinvestment assumption regarding future flows generated by the project. Rether, theinitid
outlay is assumed to be “reinvested” over the life of the investment, and the flows can be
invested or consumed.  These findings raise some implications regarding investments and the

criterion employed to determine which are the better dternatives.

The criteria of net present value and internd rate of return under certain conditions, can give
conflicting recommendations as to the desirability of competing/mutudly-exclusive invesments.
As noted previoudy, the difference in Sgnasis often attribute to different reinvestment
assumptions. However, if no assumption is required, unless future values are caculated, the
preceding statement must be questioned.  Conflicting decisions are more properly attributed to a
difference in the magnitude of theinitid outlay or to different cash flow patterns (including
different life spans).

A reinvestiment rate becomes important when investments of differing maturities, or maturities of
other than one stime horizon, are being evaluated. In these cases, future vaue may bea more
appropriate indicator than present vaue. If future vaues are used, then the investment rate
should be the margind efficiency of capita in each of the future periods, given the necessary
risk-return reationships. Assuming reinvestment at a constant or unique rate implies that the
yield curve must be flat and history indicates that generdly yield curves are not flat.

A variation of these capital budgeting techniques is the modified internd rate of return [MIRR]
which actualy shows areinvestment rate in its formulaion. Generdly it is assumed that the
future positive intermittent flows are compounded at the required return (“cost of capitd”) to
generate an atificid termind vaue. A discount rate is then determined which equates thissingle
termind flow to theinitid cost of the project. This discount rate is called the modified internd
rate of return. However, as dluded to above, the inconsstency of compounding at one rate of



return and discounting at another rate in an ex anti evaluation represents a serious

methodologica flaw in the technique.

Regarding the appropriate techniques to employ in investment decisons, it is generdly

concluded that present value is more appropriate unless capita isrationed. In thislatter case,
IRR, or abenefit cost index, or a sophisticated programming solution should be employed. To
arive a a definitive answer, additional research is required and would be the subject of another
paper. However, recognizing the fact that present vaue techniques such as NPV and IRR do not
require areinvestment assumption may help clear up the debate regarding the best criterion to
employ when choosing between projects. On the other hand, if investment of future intermittent
flowsis consdered important, a future vaue criterion needs to be developed.
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